We study versions of Helly's theorem that guarantee that the intersection of a family of convex sets in R d has a large diameter. This includes colourful, fractional and (p, q) versions of Helly's theorem. In particular, the fractional and (p, q) versions work with conditions where the corresponding Helly theorem does not. We also include variants of Tverberg's theorem, Bárány's point selection theorem and the existence of weak epsilon-nets for convex sets with diameter estimates.
Introduction
Quantitative results in combinatorial geometry have recently caught new interest. Those surrounding Helly's theorem have as aim to show that given a finite family of convex set in R d , if the intersection of every small subfamily is large, then the intersection of the whole family is also large [ADLS15] . When the size of a convex set is measured according to a function that varies discretely, such as the number of points in a lattice, there are very sharp results (e.g. [ABDLL14] ). However, when the size of a convex set is measured according to a function that varies continuously, such as the volume or diameter, the behaviour changes considerably.
The first results of this kind were presented by Bárány, Katchalski and Pach [BKP82, BKP84] , where Helly-type theorems were made regarding the volume and diameter of the intersection of families of convex sets. They showed that, given a finite family of convex sets in R d , if the intersection of every 2d of them has volume at least one, one can obtain lower bounds on the volume of the intersection, and the same holds for the diameter. The constant 2d is optimal, but the downside is that the guarantee of the diameter or volume of the intersection decreases quickly with the dimension.
Helly's theorem has an impressive number of variations and generalisations (see, for instance, the surveys [DGK63, Eck93, Mat02, Wen04, ADLS15] ). Thus, it is natural to determine which results can be extended in this quantitative framework. For the volume, several advances have been made in this direction [Nas15, DLLHRS15, Sob15] . This includes optimising the original result by Bárány, Katchalski and Pach, and finding colourful versions, fractional versions and (p, q) type theorems. These are classical variations of Helly's theorem found in [Bár82] , [KL79] and [AK92] , respectively. The aim of this paper is to present analogues to these results for the diameter.
For example, the guarantee of the size of the intersection can be improved if we are willing to check larger families. Regarding the diameter, the following result makes this clear. 
, and similarly with other notation for asymptotic bounds. For an upper bound to the result above, one can apply the main theorem of [LS09] to get n(diam, d, δ) = O(δ −d/2 ). The equivalent result for volume [DLLHRS15, Thm 1.4] has similar upper and lower bounds in terms of δ, giving n(vol, d, δ) = Θ d (δ −(d−1)/2 ). In the same spirit as Lovász's generalisation of Helly's theorem [Bár82] , we show a "colourful version" of De Loera et al.'s diameter Helly in Section 3. Moreover, Theorem 3.1 implies an asymptotically optimal bound for the diameter as well:
. Asymptotic result as above hold for a very general family of functions, and are closely related to the approximability of convex sets by polyhedra [ADLS15] .
If we allow for a loss of diameter δ, other versions of Helly's theorem can be recreated. In particular, we show a version of Alon and Kleitman's (p, q) theorem [AK92] for the diameter. The (p, q) theorem was conjectured originally by Hadwiger and Grünbaum [HD57] , and asks if a slight weakening of Helly's condition is still enough information to bound the number of points needed to intersect all members of a finite family of convex sets in R d . A lucid description of the theorem and its variations is contained in a survey by Eckhoff [Eck03] , and more recent results are summarised in [ADLS15] . Theorem 1.1 ((p, q) theorem for diameter). Let p ≥ q ≥ 2d be positive integers and 1 > δ > 0. Then, there is a c = c(p, q, d, δ) such that for any finite family F of at least p convex sets in R d of diameter at least one each, if out of every p sets in F, there are q of them whose intersection has diameter at least one, then we can find c convex sets K 1 , K 2 , . . . , K c of diameter at least 1 − δ such that every set in F contains at least one K i .
In the volumetric version [Sob15, Thm. 1.2], the lower bound on q depends on heavily on δ. The proof of the original (p, q) theorem is a tour de force of combinatorial geometry, and requires many classic results. In order to prove Theorem 1.1, we give diameter version of these as well. Notice that if one stubbornly refuses to check large families as Helly's theorem for the diameter requires, the result above gives non-trivial consequences with the same condition as Bárány, Katchalski and Pach used. The loss of diameter δ is necessary in Theorem 1.1 and Corollary 1.2. This is shown in section 5 with a construction.
The rest of the paper is organised as follows. In section 2 we show Hellytype results for the property having v-width at least one, for some fixed direction v. In section 3 we show a colourful version of Helly's theorem for the diameter. In section 4 we prove diameter versions of the fractional Helly theorem [KL79], Tverberg's theorem [Tve66], Bárány's selection theorem (sometimes called the "first selection lemma") [Bár82] and the existence of weak ε-nets for convex sets [ABFK92] in order to prove Theorem 1.1. Finally, in section 5 we include some remarks and open problems.
Results for fixed direction width
If instead of looking at the diameter, one is interested in the width in a fixed direction v, we can obtain similar Helly-type to the ones mentioned in the introduction. The original proofs for Helly-type theorems can be translated to this setting with minimal effort. However, since some of them are useful for the results regarding the diameter, we present them completely here.
Let v be a unit vector in R d . Given a compact convex set K ⊂ R d , we say that p ∈ K is a v-directional minimum if v, p ≤ v, x for all x ∈ K, where ·, · denotes the usual dot product. We define a v-directional maximum similarly. Throughout the rest of the paper we will assume that all convex sets we work with are compact and their boundary contains no segments. This guarantees that the v-directional minimums for the sets and their nonempty finite intersections exist and are unique. Standard approximation techniques show that there is no loss of generality. Given a compact convex set K, we define its v-width as q, v − p, v where q, p are its v-directional maximum and v-direction minimum, respectively. Proof. Let A be a subfamily of size d whose v-directional minimum p maximizes p, v . Given any other set K 0 ∈ F, let us show p ∈ K 0 . We know that A ∪ {K 0 } must be intersecting, so let u be a point of the intersection. The minimality of p implies u, v ≥ p, v .
If we denote by
By Radon's lemma [Rad21] , these points can be partitioned into two sets B, C such that conv(B)
Let B be a subfamily of size d with minimal v-directional maximum q. Again, every set in the family contains q. Since the v-width of A ∪ B is at least one, and this is realised by the segment [p, q], the v-width of ∩F is at least one.
Theorem (Colourful Carathéodory for two points). Given 2d sets of points S 1 , S 2 , . . . , S 2d , and a set S of two points x, y such that {x, y} ⊂ conv(S i ) for each 1 ≤ i ≤ 2d, there is a choice of points s 1 ∈ S 1 , . . . , s 2d ∈ S 2d such that {x, y} ∈ conv{s 1 , . . . , s 2d } This is a particular case of Theorem 1.3 in [DLLHRS15] . Proof. A systematic way to obtain a colourful Helly theorem from a "monochromatic" version was presented in [DLLHORP15, Thm. 5.3]. Thus, it is sufficient to check the conditions of that result. Let P(K) stand for "K has v-width at least one". Then, the following properties are satisfied.
• P is a Helly property (Theorem 2.1), with Helly number 2d.
• P is a monotone property. i.e. if K ⊂ K ′ then P(K) implies P(K ′ ).
• Let v ′ be a unit vector in R d sufficiently close to v, but different. We consider a v ′ -semispace a set of the form {x ∈ R d : x, v ′ ≤ α} for some α. Then, for every compact convex K without segments in its boundary such that P(K) holds, there is a containment minimal v ′ -semispace H such that P(K ∩ H) holds. Moreover, if we denote by p, q the v-directional minimum and v-directional maximum of K ∩ H (which exist and are unique since
Having these properties, [DLLHORP15, Thm. 5.3] implies the result we were seeking.
The same idea leads to a fractional version. Proof. Let v ′ = v be a unit vector in R d sufficiently close to v. For each subfamily A of F of cardinality 2d−1 whose intersection has v-width at least one, let H A be the containment-minimal v ′ -semispace such that ∩(A∪{H A }) has v-width at least one. Notice that if we consider p A , q A the v-directional maximum and minimum of ∩(A ∪ {H A }) respectively (which exist and are unique since v ′ = v), then every convex set C of v-width at least one such that
For each subfamily B of 2d sets of F whose intersection has v-width greater than or equal to one, let A be its subfamily of size 2d − 1 with containment-maximal H A . Then, Theorem 2.1 implies that the intersection of B ∪ {H A } has v-width at least one, so all the sets in B contain {p A , q A } Consider the function that assigns to each 2d-tuple B with v-width at least one a (2d − 1)-tuple A as above. Since a positive fraction of the 2d-tuples satisfy this property, a direct double counting argument shows that there is a (2d − 1)-tuple A 0 which was assigned at least βn times for some positive β depending only d and α. Thus, at least βn sets contain {p A 0 , q A 0 }, as desired.
With the results above, the methods in Section 4 can be carried out verbatim to the v-width case to prove the following result. 3 Colourful Helly for the diameter Theorem 3.1. There is an n ′ = n ′ (diam, d, δ) such that for any n ′ finite families F 1 , F 2 , . . . , F n ′ of convex sets in R d , considered as colour classes, if the intersection of every colourful choice F 1 ∈ F 1 , . . . , F n ′ ∈ F n ′ has diameter at least one, then there is a colour class
If F 1 = . . . = F n ′ , we obtain the monochromatic result, and the upper bound matches the one mentioned in the introduction. The equivalent result for the volume [Sob15, Thm. 1.5] has a worse bound
Proof. Given a point x ∈ S d−1 , we denote by C δ (x) the cap
We denote by c δ its measure under the usual probability Haar measure of
and consider n ′ = 2dm. Assume that diam F i < 1 − δ for all i. We look for a contradiction.
We
Let λ = diam(∩X) ≥ 1, and v a direction realising it. Thus, X contains a segment parallel to v of length λ. Let v j be such that v j , v ≥ 1 − δ. This implies that the v j -width of X is at least 1 − δ, a contradiction.
Fractional and (p, q) results for the diameter
In order to prove Theorem 1.1, we need to recreate the results needed for the proof of the original (p, q) theorem for the diameter. Simplified versions of Alon and Kleitman's method can be found in [AK96, Mat02] . There are two main ingredients needed. One is a fractional Helly theorem and the second is the existence for weak ǫ-nets for convex sets of small size. Their equivalents are Theorem 4.1 and 4.4 described below.
The structure of the proof we present here is the same. However, some definitions, such as the one for weak ε-net, must be adapted. In the case of volume, it is possible to recreate these results using properties of floating bodies [Sob15] . Namely, given a convex set K of volume one, and ε > 0, we define its floating body K ε as
There estimates on vol(K ε ) allow for the proofs to work [BL10] . For the diameter, there is no similar "floating body". However, pigeonhole arguments on the directions realising the diameter, as in section 3, are sufficient. Let us begin with a fractional Helly for diameter in the same spirit as [KL79] . The equivalent result for volume [Sob15, Thm. 1.4] has the disadvantage that the size of the subfamilies needed to check grows as δ decreases. Namely, it needs to check families of size O(δ −(d 2 −1)/4 ), which is much worse than the requirements of the volumetric Helly theorem. Theorem 4.1 is an example of a fractional Helly-type theorem which goes beyond its corresponding Helly theorem. Such examples have appeared previously for set systems of bounded VC-dimension [Mat04] , for convexity on the integer lattice [BM03] or for checking the existence of hyperplane transversals in R d [AK95] .
Proof of Theorem 4.1. Consider the usual probability Haar measures on S d−1 . For y ∈ S d−1 , let C δ (y) be the set of points x ∈ S d−1 such that x, y ≥ 1−δ. Let c δ be the measure of C δ (y). A double counting argument shows that for any set D of points in S d−1 , there must be a subset D ′ of cardinality at least c δ |D| and a point v in
For each such 2d-tuple B ⊂ F, consider a direction v B realising its diameter. Each of these directions can be represented by an antipodal pair on S d−1 . Using the observation above, there must be a direction v and set of at least 2αc δ n 2d of the 2d-tuples of F whose intersections have v-width greater than or equal to 1 − δ. Applying Theorem 2.3, we are done.
In order to get to the existence of weak ε-nets, we start by getting results showing that given a set of objects in R d , there is a point p that is "sufficiently well surrounded" by them. The first result of this type is Tverberg's theorem.
Tverberg's theorem [Tve66] says that given enough points in R d , they can be split into m parts such that the convex hulls of the parts intersect. A point in this intersection is in some sense "very deep" within the original set of points. In order to recreate this for the diameter, we need to work with sets with large diameter instead of points, giving the following statement. 
Proof. By a double counting as before, there is a subfamily T ′ ⊂ T of cardinality greater than or equal to 4d 2 (m − 1) + 1 and a direction v such that the v-width of every member of T ′ is at least 1 − δ. Now consider
Notice that every family forming an element of F is missing at most 2d(m−1) members of T ′ . Thus, the intersection of every 2d of them contains some T i ∈ T ′ which in turn implies that the v-width of their intersection is at least 1 − δ. Thus, by Theorem 2.1 the v-width of ∩F is at least 1 − δ. Take two points x, y ∈ ∩F that realise its v-width. Every half-space containing either of them has non-empty intersection with at least 2d(m − 1) + 1 sets of T ′ . Otherwise, it would contradict the fact that they are contained in ∩F.
Thus, x, y are contained in the convex hull of ∪T ′ . By the colourful Carathéodory theorem for two points (see Section 2) with F i = ∪T ′ for 1 ≤ i ≤ 2d, the set {x, y} is contained in the convex hull of 2d points of ∪T ′ . If we remove the sets T i that generated these points and set them aside in a set called A 1 , we have that every half-space containing either of x, y has non-empty intersection with at least 2d(m − 2) + 1 sets of what is left of T ′ . Thus, we can continue this process and generate the desired sets A 1 , A 2 , . . . , A m inductively. Using Tverberg's theorem and colourful Carathédory, one can prove Bárány's selection theorem [Bár82] , also called the "first selection lemma" in [Mat02] . It says that, given a finite set S of points in R d , there is a point p in a positive fraction of the simplices spanned by S. This result holds in much more general settings, by either replacing the word "simplex" by the image of a different operator or requiring additional properties on the simplices containing the point [Gro10, Kar12, Pac98, MS15]. For our purposes we only need a diameter version of the original result by Bárány. 
Proof. First, there is a subfamily F ′ ⊂ F of cardinality at least c δ |F| and a direction v such that the v-width of every member of F ′ is at least 1 − δ.
By the second part of the proof of Theorem 4.2, there is a partition of F ′ into at least
4d 2 + 1 parts such that the intersection of the convex hull of the union of the parts contains a set K of v-width at least 1 − δ. Moreover, we may assume that K is the convex hull of two points.
Colour each part by a different colour. By the colourful Carathéodory theorem for two points (see section 2), for each 2d-tuple of colours, there is an heterochromatic set whose convex hull contains K. Thus, up to constants in the dimension there are at least
subsets A ⊂ F of cardinality 2d such that K ⊂ conv(∪A).
The final ingredient needed is the existence of weak ε-nets for diameters. The original results aims to find, for a given S ⊂ R d , a set T whose cardinality depends only on ε and d that intersects the convex hull of every subset of S of cardinality at least ε|S| [ABFK92] . For our purposes we need both S and T to be families of sets with large diameter. 
Proof. We construct the set K = {K 1 , . . . , K m } inductively, starting with an empty set. Let T be the number of 2d-tuples A ⊂ F such that conv(∪A) contains no set in K. If there is a subfamily F ′ with |F ′ | ≥ ε|F| such that conv(∪F ′ ) does not contain any set of K, we can apply Theorem 4.3 to F ′ . Thus, we can find a set K contained in the convex hull of the union of at least λ
2d different subsets A ⊂ F of cardinality 2d, effectively reducing T by that number if we add K to K. The process cannot be repeated more than O d (λε 2d ) −1 times, as desired.
We call K a diameter weak ε-net for the pair (F, δ). At this point we have all the ingredients needed to prove Theorem 1.1. The proof of this theorem relies on the linear programming technique by Alon and Kleitman. For this, we need the following definitions.
We consider
Then, given a finite family of convex sets F in R d , we define
• the diameter transversal number τ δ (F) as the minimum C∈C d,δ w(C) over all functions w : C d,δ → {0, 1} such that
• the fractional diameter transversal number τ * δ (F) as the minimum
for all F ∈ F, and
• the fractional diameter packing number ν * k (F) as the maximum F ∈F w(F ) for w :
• Given two finite families F, T of convex sets in R d , we say T is a
(1 − δ)-diameter transversal for F if every set in T has diameter at least 1 − δ and every set in F contains at least one set in T . Note that if w : C d,δ → {0, 1} is a function satisfying the condition of τ δ (F), then the family {K ∈ C d,δ : w(K) = 1} is a (1 − δ)-diameter transversal of F.
• We refer to the conditions of Theorem 1.1 as the diameter (p, q) condition. Proof. Consider a function w : C d,δ/2 → [0, 1] which realises τ * δ/2 . Without loss of generality, we may assume that w has finite support and only has rational values. Let M be the common denominator of w(K) for all K ∈ C d,δ/2 . Let T be the family that formed by the disjoint union of M · w(K) copies of K, for each K ∈ C d,δ/2 . Now consider K a diameter weak
(F ) -net of (T , δ/2), as in Theorem 4.4. Notice that the diameter of every member of K is at least (1 − δ 2 ) 2 ≥ 1 − δ. By the definition of τ * δ/2 , for F ∈ F, the number of copies of sets in T which are contained in F is at least (τ * δ/2 (F)) −1 |T |. Thus, there is an element of K contained in F . In other words, K is a (1 − δ)-diameter transversal to to F, so τ δ (F) ≤ |K|, which in turn is only bounded by a function of τ * δ/2 (F), d and δ. Proof. Let w : F → [0, 1] be a function that realises ν * δ/2 (F). We may assume without loss of generality that w(C) is rational for all C ∈ F. Let w(C) = n C m where m is the common denominator for all w(C) for C ∈ F. Let F ′ be the family consisting of n C copies of C for each C ∈ F and let
The family F ′ satisfies the diameter ((q − 1)(p − 1) + 1, q) property. This comes immediately from the fact that every [(q − 1)(p − 1) + 1]-tuple from F ′ contains either q copies of the same set or p different sets of F. In either case we have a q-tuple whose intersection has diameter at least one. However, since q ≥ 2d this implies that there is a positive fraction of the 2d-tuples of F ′ whose intersection has diameter at least one. Theorem 4.1 implies then that there is a positive fraction β depending only on p, q, δ such that there is a set K 0 of diameter at least 1 − δ 2 contained in the intersection of at least βN sets of F ′ . Thus
This implies ν * δ/2 (F) ≤ 1 β , as desired.
Proof of Theorem 1.1. As in the Alon-Kleitman proof of the (p, q) theorem, linear programming duality implies that ν * δ/2 (F) = τ * δ/2 (F). Thus, the lemmata 4.5 and 4.6 finish the proof.
Remarks and open problems
The Helly-type results we obtain for the diameter here improve upon their volumetric equivalent. However, we see no reason they should not hold for the same strength in that setting. Corollary 1.2 seems like a good result to test for that purpose. For any 2d-tuple of sets, by construction their intersection contains some v A , so the diameter is at least one. Given a partition of {K i : i ∈ [2kd + 1]} into k parts, there must be one, say P , of cardinality at least 2d + 1. For any A ∈ , there is an K i ∈ P for which i ∈ A, so v A ∈ conv(∩P ). Thus, ∩P is contained in the interior of conv( 1 2 S d−1 ) and is closed, so its diameter is strictly less than one.
If one wants shaper estimates, we can choose the antipodal points v A so that the circular caps C δ (v A ) are pairwise disjoint for some δ, similarly to the argument of Theorem 3.1.
The original conjecture by Bárány, Katchalski and Pach is still open, so we state it again to bring more attention to it. For the conjecture above, the best lower bound on diam(∩F) is O(d −2d ) [BKP82] .
